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In the spirit of the thin-layer quantization scheme, we give the effective Shro¨dinger equation for
a particle confined to a corrugated torus, in which the geometric potential is substantially changed
by corrugation. We find the attractive wells reconstructed by the corrugation not being at identical
depths, which is strikingly different from that of a corrugated nanotube, especially in the inner side
of the torus. By numerically calculating the transmission probability, we find that the resonant
tunneling peaks and the transmission gaps are merged and broadened by the corrugation of the
inner side of torus. These results show that the quarter corrugated torus can be used not only to
connect two tubes with different radiuses in different directions, but also to filter the particles with
particular incident energies.
PACS Numbers: 73.50.-h, 73.20.-r, 03.65.-w, 02.40.-k
I. INTRODUCTION
With the rapid development of nanotechnology, a va-
riety of nanostructures with complex geometries are suc-
cessfully fabricated, and the related geometric effects
have attracted study by both theoretical and experimen-
tal researchers1,2. Specifically, the geometric effects are
shown by the geometric potential3,4, geometric momen-
tum5,6, geometric orbital angular momentum7, geomet-
ric gauge potential4,8,9, geometric magnetic moment8,10
and so on. One of the most important geometric ef-
fects is the geometric potential that has been investi-
gated widely. Researchers found that the geometric po-
tential can be used to change the band-structure of the
geometrically deformed systems11–13, to generate local-
ized surface states14–19 and prompt energy shifts20,21 for
an electron confined to a curved surface; additionally,
transport properties on a curved surface or space curve
can be affected21–24. Experimentally, the geometric po-
tential25 and the geometric momentum26 have been ob-
served. These results provide evidence on the validity of
the confining potential method.
A nanotube has nonvanishing curvature that con-
tributes an attractive scalar potential for a particle mov-
ing on the tube. When the nanotube is deformed14,27–29,
the geometric potential will be substantially recon-
structed by the deformation. In other words, the defor-
mation plays an important role in the effective quantum
dynamics, like Dirac comb30, with attractive wells. Par-
ticularly, the geometric potential is mainly induced by
the deformation, such as the case for corrugations on the
surface31–34. The corrugation extremely affects the geo-
metric potential, and further influences the correspond-
ing electronic transport. Usually, corrugations appear in
the bend of a tube. To connect smoothly two tubes with
different radiuses in different directions, we can consider
a part torus with corrugation, a quarter corrugated torus
particularly in the present paper.
This paper is organized as follows. In Section II, we
deduce the effective quantum equation for a particle con-
fined to a periodically corrugated torus by the confining
potential approach, and analyze the associated geomet-
ric potential. In Section ??, we investigate the effects of
the corrugations on transmission probability. Finally, in
Section ??, the conclusions are given.
II. QUANTUM DYNAMICS OF A PARTICLE
CONFINED TO A PERIODICALLY
CORRUGATED TORUS
A torus reconstructed by corrugation (see Figure 1b)
that is parametrized by
r = (rx, ry, rz), (1)
where rx, ry and rz are
rx = rx0 + r
′
x,
ry = ry0 + r
′
y,
rz = rz0 + r
′
z,
(2)
respectively, with
rx0 = (R+ r cos θ) cosφ, r
′
x =
ε
2
(1− cosnφ) cos θ cosφ,
ry0 = (R+ r cos θ) sinφ, r
′
y =
ε
2
(1− cosnφ) cos θ sinφ,
rz0 = r sin θ, r
′
z =
ε
2
(1− cosnφ) sin θ,
wherein R and φ are the large radius and azimuthal an-
gle, r and θ are the small radius and polar angle of a
torus (see Figure 1a), respectively, ε is the amplitude of
corrugation and n denotes the period number of corru-
gation. The position vector r0 = (rx0 , ry0 , rz0) describes
a torus, r = (rx, ry, rz) describes the torus with corruga-
tion shown in Figure 1a,b, respectively. In addition, the
vector r′ = (r′x, r
′
y, r
′
z) describes corrugation.
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2FIG. 1. (a) schematic of a torus with r0 = (rx0 , ry0 , rz0); (b)
schematic of a corrugated torus described by r = (rx, ry, rz)
with n = 6. Here, R and φ are the large radius and azimuthal
angle, and r and θ are the small radius and polar angle.
From the corrugated torus Equation (1), the two tan-
gent unit basis vectors eη, eξ and the normal unit basis
vector en are obtained as
eη = (− cosφ sin θ,− sin θ sinφ, cos θ),
eξ =
1
U
(−T sinφ+ S cos θ cosφ,
T cosφ+ S cos θ sinφ, S sin θ),
en = − 1
U
(T cos θ cosφ+ S sinφ,
T cos θ sinφ− S cosφ, T sin θ),
(3)
where
Q = 2r + ε− ε cosnφ,
S = εn sinnφ,
T = 2R+Q cos θ,
U =
√
S2 + T 2.
In addition, the position vector R of a point close to
the deformed torus is then described by
R = r + q3en, (4)
where q3 is the coordinate that measures the normal dis-
tance away from the surface. According to the two posi-
tion vectors r and R, with the definitions of two matric
tensors gab = ∂ar · ∂br (a, b = 1, 2) and Gij = ∂iR · ∂jR
(i, j = 1, 2, 3), we obtain their covariant elements as
g11 = 1, g22 = 1, g12 = g21 = 0, (5)
and
G11 = (1− 2T
QU
q3)
2 +
4S2 sin2 θ
U4
q23 ,
G12 = G21 =
4S sin θ
U2
q3 − [ T
QU3
+
(S2 + U2) cos θ − εn2T cosnφ
U5
]4S sin θq23 ,
G22 = [1− (S
2 + U2) cos θ − εn2T cosnφ
U3
2q3]
2
+
4S2 sin2 θ
U4
q23 ,
G33 = 1, G13 = G31 = G23 = G32 = 0,
(6)
respectively. It is straightforward to check the relation-
ship between g and G as
G = f2g, (7)
where g and G are the determinants of gab and Gij , re-
spectively, and f is the rescaling factor, that is
f = 1− Q(S
2 + U2) cos θ − n2εQT cosnφ+ U2T
QU3
2q3
+
(S2 + U2)T cos θ − n2εT 2 cosnφ−QS2 sin2 θ
QU4
4q23 .
(8)
For a particle confined to the corrugated torus (see
Figure 1b), we deduce the effective Schro¨dinger equation
by the confining potential approach4,8,35 (i.e., the thin-
layer quantization scheme3,7,36), that is
− h¯
2
2m∗
(
∂2
∂η2
+
∂2
∂ξ2
)ψ + Vgψ = Eψ, (9)
where h¯ is the Plank constant divided by 2pi, m∗ is the
effective mass of electron, η and ξ are two tangent co-
ordinate variables of the deformed torus, ψ is the wave
function describing the motion of the confined particle,
E is the energy with respect to ψ, and Vg is the geometric
potential induced by curvature, that is,
Vg = − h¯
2
2m
{4S
2 sin2 θ
U4
+ [
Q(S2 + U2) cos θ − T (U2 + n2εQ cosnφ)
QU3
]2}.
(10)
The geometric potential Equation (10) is still valid to
a part deformed torus with φ ranging from φ0 to φ1
(0 < φ0 < φ1 < 2pi). In practical terms, we consider
two models, one is a quarter corrugated torus with n = 6
and the other with n = 12 (see Figure 2c,d). For the sake
of expressing convenience, a deformed tube and a quarter
torus are also sketched (Figure 2a,b). The deformation of
tube generates the geometric potential, like Dirac comb,
attractive wells with identical depthes. The Dirac comb
3can be used to filter particles with particular incident en-
ergies29. It is obvious that the quarter torus can connect
two tubes with identical radiuses in different directions.
The rest two quarter deformed toruses own the two fea-
tures simultaneously. In what follows, we will discuss
the properties of geometric potential of the quarter cor-
rugated torus.
FIG. 2. (a) schematic of a deformed tube; (b) schematic of
a quarter torus; (c) schematic of a quarter corrugated torus
with n = 6; (d) schematic of a quarter corrugated torus with
n = 12.
For a corrugated tube (see Figure 2a), the geometric
potential is determined by the radius of tube, the periodic
length and the amplitude of corrugation together. As the
periodic length is fixed, it is easy to check that the ampli-
tude is larger, and the attractive wells are deeper. When
the amplitude of corrugation is fixed, it is easy to con-
firm that the periodic length is longer, and the wells are
shallower. The corrugation can create a Dirac comb for
the particle passing the deformed torus. In order to learn
the differences in the four cases described in Figure 2a–d,
the corresponding four geometric potentials are sketched
in Figure 3a–d, respectively. In the case of a quarter
torus, the geometric potential well is minimal at θ = pi,
and it does not change by varying the azimuthal angle
φ. This result means that the inner side of the quarter
torus is more capable of attracting particles. According
to the figures of the geometric potential versus θ and φ
shown in Figure 3c,d, it is easy to see that the geometric
potentials take their minima at θ = pi, φ = (i + 1/2)pi3
and φ = (i + 1/2)pi6 with (i = 0, 1, 2, · · · ) for n = 6, 12,
respectively. The minima of the geometric potential can
be in general expressed by
Vgm = −
h¯2
8m∗
[
1
R− r − ε+
1
r + ε
− n
2ε
2(R− r − ε)2 ]
2. (11)
It is obvious that the minima depends on curvature.
For the quarter torus with corrugation, the geometric
potential looks like the Dirac comb30 that can affect the
transport of the electron confined to the particular quar-
ter torus. When the variable θ is far away from pi, the
wells sharply become shallow. These results are useful to
control the electronic transport by tailoring the quarter
corrugated torus further. In what follows, we will con-
sider the geometric effects of the quarter corrugated torus
on transmission probability to illustrate the deduction.
FIG. 3. (a) the geometric potential versus θ and φ for a cor-
rugated tube of r = 2 and ε = 1; (b) the geometric potential
versus θ and φ for a quarter torus of R = 4 and r = 2; (c) the
geometric potential versus θ and φ for a quarter corrugated
torus with R = 4, r = 2, ε = 1 and n = 6; (d) the geometric
potential versus θ and φ for a quarter corrugated torus with
R = 4, r = 2, ε = 1 and n = 12. Here, h¯
2
2m∗ is taken as an
unit.
III. TRANSMISSION PROBABILITY IN
PERIODICALLY CORRUGATED TORUSES
In terms of the quarter corrugated torus, from left to
right, the head skirt can be taken as a free electron beam
source, the first connection between the head skirt and
the deformed torus plays the role of a barrier, the central
part is a quarter corrugated torus that can provides a
geometric potential, the second connection between the
central part and the foot skirt can be taken as the other
barrier, and the foot skirt plays the role of a drain. This
system in the φ direction can be simplified as a model
that has the form as34,37 (see Figure 4) which consists of
two leads, two barriers and a geometric potential.
FIG. 4. A simplified model is sketched for a quarter corru-
gated torus connected with two skirts. R1 describes the head
skirt, R2 and R4 are two barriers, R3 denotes a quarter torus
with corrugations and R5 stands for the foot skirt.
By setting the geometric potential equal to zero,
the present model becomes one with double barriers.
The double barriers resonant tunneling structure is a
typical microstructure that attracted various investiga-
tions38–44. A quarter corrugated torus is a mesostructure
4that has attracted much investigation, in which the geo-
metric potential induced by curvature will substantially
affect the resonant peaks created by the double barriers.
For transport properties, the resonant peaks correspond
to quasibound states, which are associated with geomet-
ric quantum wells. The electrons are primarily confined
to a curved surface, and tend to stay in the attractive
wells, but the electron has a certain probability to tunnel
the corrugation, if the energy of the electron is nearly the
energy eigenvale of the quansibound state. Physically,
when the spatial dimension is reduced to a scale being
comparable with the de Broglie wavelength of electron
in the vicinity of Fermi energy, the wave nature of elec-
tron is expected to play an important role in transport
properties. We will investigate four generic cases: a peri-
odically corrugated nanotube with 1.5 periods, a quarter
of a nanotorus, a quarter nanotorus with 1.5 corrugations
and a quarter nanotorus with three corrugations.
For the effective quantum equation Equation (9), when
θ is fixed with constant, the equation can be simplified
as
− h¯
2
2m∗
d2
dξ2
ψ(ξ) + V (ξ)ψ(ξ) = Eψ(ξ), (12)
where m∗ is the effective mass of electron, h¯ is the Planck
constant divided by 2pi, ψ is a wave function describing
the motion of electron confined to the surface with θ be-
ing a constant, E is the energy with respect to ψ, and
the potential V (ξ) has the general form as
V (ξ) =

0 meV, ξ ∈ R1,
20 meV, ξ ∈ R2,
Vg(ξ), ξ ∈ R3,
20 meV, ξ ∈ R4,
0 meV, ξ ∈ R5,
(13)
wherein Vg(ξ) denotes the geometric potential that is
specifically expressed in Equation (10) and meV stands
for milli electron volts. This simplified model has the
same form of the effective Hamiltonian of a corrugated
surface34.
Repeating the calculation process34, we first split R3
up into segments instead of continuous variations of V (ξ),
in each segment Vg(ξ) can be taken as a constant. Then,
let us assume that R3 consists of a sequence N3 small
segments, R2 one segment (N2 = 1) and R4 one segment
(N4 = 1). It is straightforward to obtain that the total
number of segments is N = N2 + N3 + N4, and that of
boundaries is N + 1. It is worthwhile to notice that the
tangent variable ξ in the j-th segment of R3 should be
replaced by ξj , which can be described by
ξj =
1
2
∫ φj
φj−1
√
T 2 + S2dφ, (14)
with T = 2R+(2r+ε−ε cosnφ) cos θ and S = εn sinnφ.
This integrated function is more complex than that of a
corrugated surface34. Based on the continuous conditions
of the wave function and its first derivative, the transmis-
sion probability can be calculated for electron moving on
the particular torus.
The transmission probabilities of the electron confined
to the four curved surfaces described in Figure 2a–d are
shown in Figure 5a–d, respectively. In these cases, the
substrate is graphene in which the effective mass of elec-
tron is m∗ = 0.173m0 with m0 being the static mass of
an electron. Figure 5 shows that the geometric poten-
tial makes the strips of resonant tunneling peaks curved
tend to the lower energy. In addition, the corrugation
of nanotube and nanotorus deepens the geometric po-
tential wells extremely, and the energy levels of the qua-
sibound states shift downward, which means a shift of
the resonant peaks to lower energy. As a result, there
are more resonant peak strips shown in Figure 5. Com-
paring Figure 5c with Figure 5a, we find that the bent
corrugated nanotube can create the resonant peak strips
more than the straight one. In addition, it is apparent
that the resonant peak strips are deformed by corruga-
tion. The result is more significant than that of a corru-
gated surface34. The deformation becomes more impor-
tant when the number of corrugations is increased. As
a consequence, the quarter corrugated nanotorus can be
not only employed to connect different nanotubes, but
also to control the electronic transport. These results
become more straightforward when the two-dimensional
(2D) figures describing the transmission probabilities ver-
sus the incident energy given by Figure 6. The transmis-
sion gaps34,45–47 are deepened and emerged and the tun-
neling peaks48–50 are emerged and broadened (see Fig-
ure 6d).
FIG. 5. Transmission probability versus incident energy E
and azimuthal angle φ for the model with V (ξ) = 20 meV
in R2 and R4, and for (a) Vg(ξ) given by a corrugated tube;
(b) Vg(ξ) induced by a quarter torus; (c) Vg(ξ) provided by
a quarter torus with 1.5 corrugations; (d) Vg(ξ) provided by
a quarter torus with three corrugations, and m∗ = 0.173m0
and θ = pi in R3, m
∗ = m0, otherwise.
5FIG. 6. Transmission probability versus incident energy E
for the model with V (ξ) = 20 meV in R2 and R4, and for
(a) Vg(ξ) given by a corrugated tube; (b) Vg(ξ) induced by a
quarter torus; (c) Vg(ξ) provided by a quarter torus with 1.5
corrugations; (d) Vg(ξ) provided by a quarter torus with 3
corrugations, and θ = pi and m∗ = 0.173m0 in R3, m∗ = m0,
otherwise.
In order to learn the difference between the transmis-
sion probabilities for θ = pi/2 and θ = pi, the transmis-
sion probabilities are described in the plane constructed
by E and φ (see Figure 7). In the case of θ = pi/2,
there are more resonant peak strips than that of the case
of θ = pi. Those resonant peaks are generated by the
boundaries constructed by different materials in which
electrons have different effective masses. Comparing (c)
and (d) with (a) and (b) in Figure 7, we find that the
deeper wells are more capable of merging multiple reso-
nant peaks into one. In other words, the geometric po-
tential can broaden the width of the resonant peaks and
the transmission gaps. The result can be used to tai-
lor the deformed torus to filter the electrons with special
incident energies.
For GaAs substrate with m∗ = 0.067m0 and graphene
m∗ = 0.173m0, the transmission probability depend-
ing on the incident energy E is described in Figure 8,
(a) m∗ = 0.067m0 and θ = pi/2, (b) m∗ = 0.173m0
and θ = pi/2, (c) m∗ = 0.067m0 and θ = pi and (d)
m∗ = 0.173m0 and θ = pi. It is obvious that the above-
mentioned results are more manifest in graphene than in
the GaAs substrate. Generally, the geometric potential
can influence the electronic transport of various mate-
rials. Specifically, for different materials, the geometric
effects have a certain difference.
IV. CONCLUSIONS
In the present paper, the main result has been to ob-
tain the effective quantum Hamiltonian for a particle con-
FIG. 7. Surface plot of the transmission probability as a
function of E and φ for V (ξ) = 20 meV in R2 and R4 re-
gions and in R3 (a) n = 6 with θ = pi/2; (b) n = 12 with
θ = pi/2; (c) n = 6 with θ = pi and (d) n = 12 with θ = pi,
and m∗ = 0.173m0, m∗ = m0, otherwise.
FIG. 8. Surface plot of the transmission probability as a
function of E with (a) m∗ = 0.067m0 and θ = pi/2; (b)
m∗ = 0.173m0 and θ = pi/2; (c) m∗ = 0.067m0 and θ = pi;
(d) m∗ = 0.173m0 and θ = pi and n = 12 in R3, m∗ = m0
elsewhere, V (ξ) = Vg(ξ) in R3, V (ξ) = 20 meV in R2 and R4
and V (ξ) = 0 meV, otherwise.
fined to the corrugated torus. To illustrate the effects of
the geometric potential on the electronic transmission, we
numerically calculate the transmission probability. By
researching four examples, a periodically corrugated nan-
otube, a quarter torus, a quarter torus with 1.5 corru-
gations and a quarter torus with three corrugations, we
found that the corrugations can extremely deepen the ge-
ometric potential wells. It is worthwhile to point out that
the integer values of the number of corrugations for an
6usual torus would be broken when the investigated mod-
els are taken as a quarter torus. Subsequently, a part
of corrugated torus can be selected to include any num-
ber of corrugations, and it can be used to connect two
nanotubes with different radiuses in different directions.
The corrugations of the deformed nanotube and nan-
otorus can deepen the attractive wells, and the resonant
peaks and valleys can emerge to broaden them. In the
resonant peaks of the transmission probability, electrons
with particular incident energy can easily pass, while,
in the transmission gaps, electrons with specific incident
energy are almost reflected. Practically, we can adjust
the widths of the resonant peaks and the transmission
gaps by designing corrugation, which may be used to de-
sign some quantum electronic and photonic nanodevices.
In the present models, the interactions between electrons
are neglected. A model including interactions of particles
is still an interesting project that needs further investi-
gation.
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